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Abstract: We show that a metallic plate with periodic fractal-shaped slits can 

be homogenized as a plasmonic metamaterial with plasmon frequency 

dictated by the fractal geometry. Owing to the all-dimensional 

subwavelength nature of the fractal pattern, our system supports both 

transverse-electric and transverse-magnetic surface plasmons. As a result, 

this structure can be employed to focus light sources with all-dimensional 

subwavelength resolution and enhanced field strengths. Microwave 

experiments reveal that the best achievable resolution is only /15λ , and 

finite-difference-time-domain simulations demonstrate that similar effects 

can be realized at infrared frequencies with appropriate designs. 
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OCIS codes: (100.6640) Superresolution; (160.3918) Metamaterials; (240.6680) Surface 
plasmons. 
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1. Introduction 

Surface plasmon polaritons (SPPs) are elementary electromagnetic (EM) excitations bounded at 

metal/dielectric interfaces, and attracted considerable attention recently [1–6]. For a natural 

material, its plasmon frequency (
p

ω ) is fixed by the electron density. It has been shown that 
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p
ω  can be modified via using semiconductors [7] or metal/dielectric composites [8,9] at the 

optical/infrared frequency range, but the ideas are difficult to extend to microwave frequencies 

where metals are nearly perfect electric conductors. Recently, people showed that Bragg 

scatterings can modulate the SPPs significantly, and found high optical transmissions in a silver 

film drilled with periodic holes [1–3]. However, the Bragg mechanism can only fold the SPP 

bands into the first Brillouin zone, but cannot change 
p

ω of a material. Although metamaterials 

[10,11] can in principle possess any desired EM wave properties at arbitrary frequencies, the 

fabrications of high-quality metamaterials are still challenging. In 2004, Pendry et al. 

demonstrated that a metallic plate with periodic square holes can mimic a plasmonic 

metamaterial in terms of SPP properties, with effective 
p

ω  being the waveguide cut-off 

frequency of the hole [12,13]. This opens up a way to design artificial plasmonic metamaterials 

at any desired frequencies, and Jung et al. recently suggested employ such materials to make 

perfect endoscopes [14]. However, to make the idea work, one has to fill the holes with 

high-index materials to make the cut-off wavelength much longer than the periodicity [12,13]. 

The high-index material is not easy to realize in practice, particularly at higher frequencies. 

Very recently, Shin et al. [15] showed that high-index insertion is not necessary if the square 

holes are replaced by closely packed narrow rectangular holes with cross sections 
x y

b b×  

(
x y

b b<< ). Indeed, such a hole has a cut-off wavelength 2
y

bλ =  much longer than the 

periodicity along x direction (
x

b∼  since the holes are closely packed) [15]. However, since 

such holes are subwavelength only along one direction, we will show that the generated SPPs on 

such structures only have transverse-magnetic (TM) polarization travelling along one direction. 

This limitation restricts the applications of such structures in some cases. 

Attracted by the multiband and subwavelength properties of fractals, several groups 

investigated the rich EM wave characteristics of various fractal structures [16–21]. Inspired by 

these prior works, here we study a metallic plate drilled with fractal-shaped slits, and 

demonstrate that the system exhibits SPPs with 
p

ω  dictated by the fractal geometry. Without 

using high-index insertions [12,13] and distinct from the narrow rectangular hole case [15], here 

the fractal pattern is subwavelength along all dimensions at resonance. Therefore, we find such 

a system can be homogenized as a plasmonic metamaterial to support TM and 

transverse-electric (TE) polarized SPPs simultaneously. We further show by both experiments 

and finite-difference-time-domain (FDTD) simulations that our structure works as a near-field 

super lens to focus light sources with all dimensional subwavelength resolution (best achievable 

resolution ~ /15λ ), with physical mechanism different from other lenses discussed previously 

[22–27]. 

2. SPP band structures 

Figure 1 schematically shows our structure — a 0.5 mµ -thick silver film caved with 4-level 

fractal slits arranged periodically with a lattice constant 1a mµ= . Here, we chose this particular 

H-shaped fractal pattern because it has superior multiband and subwavelength responses, as 

shown in previous studies [19–21]. However, although the EM wave transmission properties of 

similar structures had been studied previously in different frequency domains [19–21], the SPP 

characteristics of such structures have never been addressed before and are the topics of the 

present work. 
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Fig. 1. Geometry of the fractal plasmonic metamaterial (MTM). Unit cell strcuture: 

1 2 3 4
0.5 ,  0.25 ,  0.06 ,  0.5 .l l m l l m w m H mµ µ µ µ= = = = = =  

Taking the dielectric constant of silver as 
2

5 / ( )
Ag p

f f f ifγε = − + with 2175THz
p

f =  and 

4.35THzfγ =  [28], we performed FDTD simulations [29] to calculate the SPP band structure 

of the designed system [30]. Since this system shows no x-y symmetry, we depicted in Figs. 2(a) 

and 2(b) the SPP bands along XΓ→  and X 'Γ →  directions, respectively, 

with X [ / ,0,0],  X ' [0, / ,0]a aπ π= = . In each panel, we found two SPP bands well below the 

light lines (solid pink line), which bend drastically as approaching at two frequencies 

(
1

41THz
P

f = ,
2

78.7 THz
P

f = , denoted by two dashed lines). We employed the attenuated 

total reflection technique to identify the polarization properties of the SPP bands. With 
x

k  

fixed as aπ , we shine evanescent waves with different polarizations on the structure, and 

depicted in Fig. 2(c) the transmission spectra for ˆ||E x
�

 (red circles) and ˆ||E y
�

 (blue line) 

polarizations. By comparing Figs. 2(a) with 2(c), we found that the lower SPP band in Fig. 2(a) 

is apparently TM-like, since a TM-polarized evanescent wave can excite this mode but a TE one 

cannot. Similarly, we identified polarizations of all SPP bands and then label them 

correspondingly on the figure. This is intriguing at first sight, since a complex structure at 

resonance usually exhibits complicated local field distribution, making it impossible to identify 

the eigenmode polarizations. We can understand these TE-like and TM-like SPPs in the spirit of 

“metamaterial”. As the probing wavelength is much longer than the unit-cell size, one can 

perform field average to homogenize the complex structure as an effective medium. Thanks to 

the high symmetry of the fractal geometry, the averaged field exhibits well-defined polarization 

characteristic so that identifying the SPP mode polarization becomes possible. The above 

discussions also revealed that, other symmetric and subwavelength patterns can be carefully 

designed to replace the H-shaped fractal to realize similar effects. 
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Fig. 2. SPP band structures of the fractal plate calculated by FDTD simulations for (a) 

XΓ→ and (b) X 'Γ → directions; Under the conditions of (c) 
x

k aπ=  and (d) 

,
y

k aπ=  FDTD calculated transmission spectra under incident plane evanescent waves 

with different polarizations. Insets: SPP band structures of rectangle hole plate calculated by 

FDTD simulations, with structural details 1 , 4.2 , 0.3 , 0.5d m s d a d L dµ= = = =  (see 

Ref. [15]). 

The crucial advantage of our structure is clear. Whereas a flat Ag film supports only TM 

polarized SPP [31], our system supports simultaneously TM-like and TE-like SPPs related to 

each resonance. We also studied a metal plate with narrow rectangular holes [15], and depicted 

its SPP dispersions in the insets to Figs. 2(a)-2(b). Indeed, this structure exhibits an SPP band 

even without high-index insertions. However, in sharp contrast to our case, such a system 

supports only a single TM-like SPP band traveling along x direction [inset to Fig. 2(a)]. This is 

because the rectangle shape is subwavelength along only one (x) direction, and therefore, the 

SPP band along y direction cannot be formed since the subwavelength condition is not satisfied 

[12,13]. In contrast, our fractal pattern is subwavelength along all directions and possesses 

multiple resonances, so that for each resonance, SPP bands along both x and y directions can be 

formed (see Fig. 2). 

FDTD simulations show that the plasmon frequencies can be changed via adjusting the 

fractal geometry. Taking 3-level and 4-level fractals as examples, we show in Fig. 3 that the 

plasmon resonance wavelength 
p
λ  of the material changes from 4 mµ  to 10 mµ  via only 

adjusting the line width w, with the periodicity fixed as 1a mµ= . Only the wavelengths of the 

fundamental plasmonic modes are depicted in Fig. 3 as an illustration. The plasmon wavelength 

can be further changed to cover an ultra-wide range (from infrared to microwave) by scaling the 

unit size a from 1 mµ to 1 cm [see the inset to Fig. 3]. Therefore, we can in principle design a 

plasmonic metamaterial at any desired frequency. In addition, we note that 
p
λ is independent of 

the sample thickness. 
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Fig. 3. FDTD calculated plasmon wavelength 
p
λ  as functions of the slit width w when the 

fractal is 3-level (solid squares) and 4-level (open circles). Inset shows the calculated 
p
λ  as a 

function of the periodicity a of the fractal array. 

3. Subwavelength imaging 

One can employ our structure to realize many SPP-based applications. It was shown both 

theoretically [32] and experimentally [33] that a silver film works as a lens to focus near field 

light sources with subwavelength resolution. However, such a super lens does not function at a 

frequency other than silver’s natural SPP frequency, and since silver only supports 

TM-polarized SPPs, the source has to be carefully designed to emit p waves only [33]. In what 

follows, we show that our structure can collect both s and p waves emitted from a source to form 

an all-dimensional subwavelength image [34]. 

We first performed microwave experiments to demonstrate this idea. We designed a 

plasmonic metamaterial [picture given in Fig. 4(a)] with unit-cell shown schematically in the 

right panel of Fig. 4(a). Slightly different from an ideal fractal, the structure is purposely 

designed such that it is more compact in x direction. We then fabricated a series of samples with 

different thicknesses H. In our imaging experiments, we put a dipole antenna on the source 

plane 1mm above the lenses, and placed a receiver dipole antenna on an image plane 1mm 

below the lenses to measure the field distributions of the images [35]. Similar to other super lens 

imaging proposals [22–27,32,33], here the source is put very near to the lens. Both antennas are 

polarized along the y direction, connected to a vector network analyzer (Agilent 8722ES), and 

working at 2.52GHzf = coinciding with the plasmon frequency of the designed lenses for y 

polarization [34]. When the source antenna is put at the unit-cell center, the images formed by 

two lenses with thicknesses 31.5mm, 63mmH H= = are depicted in Figs. 4(b) and 4(c) as open 

circles, which are in excellent agreements with the corresponding FDTD simulations (solid 

lines) [36]. Both measurements and FDTD results show that the images focused by our lenses 

are only ~8mm wide, which are /15λ∼  recalling 119mmλ ≈ . In contrast, the images formed 

without lenses (solid squares) do not show any subwavelength resolutions at all. In addition, the 

field strength is enhanced when a lens is added [37]. The subwavelength resolution and 

enhanced field strength are two important characteristics of the SPP [4–6]. 
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Fig. 4. (a). Picture of a 63mm-thick fractal plasmonic metamaterial and its unit cell structure (all 

lengths are measured in mm). Here the periodicity is 18mm (32mm) in x (y) direction. (b)-(c) 

Electric field distributions along the line perpendicular to the antenna on the image plane 

obtained by experiments (open circles) and FDTD simulations (solid lines) for different lens 

thickness, referenced by the experimental results measured without any lens (solid squares). 

Here, the maximum electric field is normalized to 1 in the presence of a lens. 

In contrast to a flat silver-slab lens [32,33], our lens is not laterally homogeneous, and thus we 

need to test the position dependence of the imaging quality. Taking the 63mmH = slab as a 

lens, we put the source at three typical positions inside one unit cell, labeled by x∆  measuring 

the deviations from the center [see Fig. 4(a)], and then measured (calculated) the field patterns 

on the image plane. The patterns obtained experimentally and theoretically are shown in Fig. 5, 

correspondingly. When the source slightly deviates from the center, the field pattern [Fig. 5(a)] 

is essentially the same as the center case [Fig. 4(c)]. At a modest deviation 7mmx∆ = , the 

image is still distinguishable with a sharp resolution, although a small peak arises caused by a 

neighboring unit cell. The image is totally undetectable only when the source is right at the 

unit-cell boundary, where two peaks of the same strength appear on the image plane [38]. 

Therefore, although the best resolution is ~ /15λ  achieved with the source put at the unit-cell 

center, the overall resolution is bounded by the periodicity a, which is ~ / 7λ  in the present 

case. Indeed, we found experimentally that two sources placed within a distance larger than a 

are clearly distinguished on the image plane, while the same is not true without a lens. 
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Fig. 5. Field distributions along the line perpendicular to the antenna on the image plane formed 

by the 63mm-thick lens when the source is placed at (a) 1mmx∆ = , (b) 7mmx∆ = , and 

(c) 9mmx∆ = , obtained by measurements (open circles) and FDTD simulations (lines). Here 

the E field is normalized such that its maximum value is 1. The FDTD calculated 

two-dimensional patterns of the images for (d) 1mmx∆ = , (e) 7mmx∆ = , (f) 

9mmx∆ = . 

Similar effects can be realized at infrared frequencies using the fractal structure designed for 

Fig. 2. As a comparison, we also adopted the rectangle-hole structure (same as that for Fig. 2) as 

a lens to focus light sources. We considered two types of source, i.e., two x-polarized dipoles 

working at 41 THz separated by 1 mµ  either in x direction (case 1) or in y direction (case 2). 

For these two cases, we show the FDTD calculated images formed without any lenses in Figs. 

6(a) and 6(d), those with a 0.5 mµ -thick rectangle-hole structure lens in Figs. 6(b) and 6(e), and 

those with our fractal structure lens in Figs. 6(c) and 6(f), correspondingly. Here, the source 

(image) plane is 0.1 mµ  above (below) the lens [see the right panel in Fig. 1]. Since the sources 

are located within a subwavelength region (separation1 7.3m mµ λ µ=≪ ), the two sources 

cannot be clearly distinguished without the lens [Fig. 6(a) and 6(d)]. With the rectangle-hole 

structure lens, case 1 can be distinguished [Fig. 6(b)] but the resolution along y direction is not 

subwavelength. More seriously, this lens cannot distinguish case 2 at all [Fig. 6(e)]. These are 

all caused by the fact that this structure does not support TE-polarized SPPs (see Fig. 2). With 

our lens, however, two sources are clearly distinguishable in both cases, and the formed images 

are subwavelength along all directions, with much enhanced field strength (see the E-field 

scales in Fig. 6). We also checked the imaging properties of two y-polarized dipole sources, and 

found similar behaviors if the working frequency is taken as 78.7 THz, coinciding with the 

plasmonic resonance of the fractal lens for y polarization (see Fig. 2). 
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Fig. 6. FDTD calculated E-field patterns on the image planes obtained without a lens (a) + (d), 

with a rectangle-hole structure lens (b) + (e), and with our fractal structure lens (c) + (f). Here, the 

two x-polarized dipole sources are separated by1 mµ  in x direction for (a), (b), and (c), and in y 

direction for (d), (e) and (f). Both the rectangle-hole structure and fractal structure are the same as 

those in Fig. 2. 

4. Physical mechanism 

We now explore the underlying physics of the super imaging effect. Assume the source taking a 

simplest form 
0

ˆ( , ) ( ) i t
J r t xP r e

ωδ −=
� � �

, we can formally obtain the entire EM fields distributions 

by using a dyadic Green’s function method [39]. Specifically, the x component of E-field on the 

image plane is found as 

|| ( cos sin ) 2

2 20 0

|| ||2 2

0

( , ) ( ) sin ( ) cos  
8

z
ik x y ik d

TE TMz

x

z

i P ke e
E x y T k T k k dk d

k k

φ φµ
φ φ φ

π

+ −  
= − + 

 
∫ � �

 (1) 

where 
2 2

0 ||zk k k= − with 
0

/k cω= , d is the source-image distance, and 
TE

||
( )T k and 

TM

||
( )T k are the transfer functions for TE and TM waves (with

||
ˆ

z
k k z k= +
� �

) passing through the 

fractal structure. The field distributions, and in turn the image properties, can be understood 

once the transfer functions are known. 

We have employed the FDTD method [36] to study the properties of the transfer functions 

[
TE

||
( )T k ,

TM

||
( )T k ] for the designed fractal lens. For propagating components (i.e., 

|| 0
k k< ), 

we found through FDTD simulations that the fractal structure supports high transmissions 

||
( ) 1T k ≈ at the working frequency [40]. More importantly, there is nearly no phase change for 

the transmitted waves under all incident angles and polarizations, as shown in Fig. 7 by open 

stars. Therefore, the information of all propagating components can be well transmitted through 

the fractal lens, without any distortions. In contrast, when the fractal lens is replaced by air, the 

phase change of transmitted wave strongly depends on the incidence angle, as shown in Fig. 7 

by solid circles. 

Let us consider the evanescent components radiated from the source (i.e., 
|| 0

k k> ). To get 

an all-dimensional subwavelength resolution for the image, we need to collect the evanescent 

components for both TE and TM polarizations. Fortunately, our lens possesses flat SPP bands 

near the working frequency [see Figs. 2(a)-2(b)] for both TE and TM polarizations, so that those 
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evanescent components with 
0 ||

k k G< <  can be transmitted across the lens, aided by such 

SPPs. Here, G is the reciprocal k vector of the lattice. To prove this point, we employed FDTD 

simulations to calculate the stabilized electric field distribution under a TM-polarized incident 

evanescent wave (with 
0

ˆ,  / 2
x

H y k a kπ= >
�
� ), and depicted in Fig. 8(a) the field component 

x
E  as a function of z on the line perpendicular to the fractal lens. To suppress the strong field 

fluctuations on xy-plane introduced by the complex microstructures, we have averaged 
x

E  on 

xy-plane over a unit cell area, in the same spirit of “metamaterial”. While the field distributions 

in both sides of the lens (air regions) can be well fitted by exponential forms (~ z
e

α−  with 

2 2

0x
k kα = − ), we note from Fig. 8(a) that the field amplitude keeps constant inside the lens, 

indicating that the transfer function of evanescent component is nearly 1 (i.e., 
||

( ) 1
TM

T k ≈ ). 

This conclusion is actually independent of 
||

k and polarization, as shown in Fig. 8(b) for a 

TE-polarized evanescent wave excitation (with 
0

ˆ,  /
y

E x k a kπ= >
�
� ). Therefore, the 

information of all evanescent components with 
0 ||

k k G< <  can also be well transmitted 

through the lens, without any distortions. 

 

Fig. 7. FDTD calculated phase change of the transmitted wave through our fractal lens (blue 

stars) and an air layer of the same thickness (red circles) as functions of the incident angle for 

TM- (a) and TE-polarized (b) incident waves. Here, the working frequency is 41THz. 

The mechanism of our super imaging effect is very clear. For a near field light source placed 

at the left side of the lens, both its propagating and evanescent components (with 
0 ||

k k G< < ) 

can be well transmitted through the lens without distortions, so that the image formed on the 

right side of the lens can beat the diffraction limit. However, since the maximum k vector of the 

SPP band is not infinity but G  (see Fig. 2), there is a natural resolution limit for the image and 

the highest resolution is bounded by a – the unit cell size of our fractal structure. We note that a 

can be much less than the working wavelength
p
λ , which is a property unique to the fractal 

geometry. 
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Fig. 8. Electric field distributions along the line perpendicular to the fractal structure for a 

TM-polarized incident evanescent wave with / (2 )
x

k aπ=  (a) and a TE-polarized one with 

/
y

k aπ=  (b). Blue diamonds represent FDTD simulations while red lines reprent 

appropriate fitting functions (
z

e
α−

 in air and straight lines in slab). Here, the working frequency 

is 41THz. 

Our mechanism is different from many others [22–27]. In the mechanisms described in Refs 

[22–24], the operation frequencies were dictated by the lens thickness, since the resonance 

frequency is determined by the rod length in [22] and Fabry-Perot (FP) resonances were 

employed to reduce reflections in [23,24]. In contrast, our working frequency is independent of 

the lens thickness, demonstrated both experimentally and theoretically in Fig. 4. Compared to 

Refs [25–27]. where a coupled pair of plasmonic material sheets was employed to realize 

subwavelength imaging, our device consists of only one plasmonic slab. However, previous 

discussions also revealed that our lens is essentially a near-field lens. In order to collect the 

evanescent waves efficiently, the source and image plane should be put close to the lens, which 

is a drawback compared with some other super lens proposals [24]. 

5. Conclusions 

In conclusions, we showed that a metal plate with fractal-shaped slits can be viewed as a 

plamonic metamaterial to support SPPs in both TE-like and TM-like polarizations, without 

using high-index insertions. We demonstrated by both FDTD simulations and microwave 

experiments that our structure can focus light sources with all dimensional subwavelength 

resolution at desired frequencies with careful designs. 
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